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1.1 (Borsuk-Ulam [2]). (BU1): $f$ : $S^{\mathfrak{n}}arrow \mathbb{R}^{\mathfrak{n}}$





$(BU2):C_{2}$ $f$ : $S^{m}arrow S^{n}$ $m\leq n$ .
(BU3): $C_{2}$ $f:S^{n}arrow \mathbb{R}^{n}$ $f^{-1}(0)\neq\emptyset$ .
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(BU2) . , May [16] .
.
1.3. $C_{2}$ $f$ : $S^{m}arrow S^{n}$ ( )
$\overline{f}:\mathbb{R}P^{m}arrow \mathbb{R}P^{n}$ . , $m>n$
$\overline{f}_{*}=0$ : $\pi_{1}(\mathbb{R}P^{m})arrow\pi_{1}(\mathbb{R}P^{n})$
.
, $n=1$ , $\overline{f}_{*}:$ $\pi_{1}(\mathbb{R}P^{m})\cong \mathbb{Z}_{2}arrow\pi_{1}(\mathbb{R}P^{1})\cong \mathbb{Z}$ . $f_{*}=0$
.
$n\geq 2$ . $u_{k}\in H^{1}(\mathbb{R}P^{k};\mathbb{Z}_{2})\cong \mathbb{Z}_{2}$ . $\overline{f}$
1
$\overline{f}^{*}:$ $H^{1}(\mathbb{R}P^{n};\mathbb{Z}_{2})arrow H^{1}(\mathbb{R}P^{m};\mathbb{Z}_{2})$
, $\overline{f}^{l}=0$ . $\overline{f}^{l}\neq 0$ $\overline{f}^{*}(u_{n})=u_{m}$ .
, $\overline{f}^{*}(u_{n}^{m})\cdot=u_{m}^{m}\in H^{m}(\mathbb{R}P^{m};\mathbb{Z}_{2})$ , $m>n$ $u_{n}^{m}=0$
$\overline{f}^{l}(u_{n}^{m})=0$ . $u_{m}^{m}\neq 0$ , . , $\overline{f}^{*}=0$
. Hurewicz 9 $\overline{f}_{*}=0$ .
(BU2) . $m>.n$ , 13 , $\overline{f}$ $g:\mathbb{R}^{m}arrow$ ,
$p_{n}og=\overline{f}$ . $Pk$ : $S^{k}arrow \mathbb{R}P^{k}$ . $f$ $f$ $gop_{m}$
$\overline{f}op_{m}$ , $p_{n}ogop_{m}=p_{n}of$ , $gop_{m}(x)=\pm f(x)$
. , $gop_{m}=f$ $gop_{m}=-f$ . ,
74
$f$ $f$ $C_{2}$ , $gop_{m}$ $gop_{m}(x)=gop_{m}(-x)$
$C_{2}$ . . $m\leq n$ .
BOrSuk-Ulam .
.
1.4 ($mod p$ Borsuk-Ulam ). $C_{p}$ mod $P$ $M,$ $N$
. $C_{p}$ $f$ : $Marrow N$ dim $M\leq$ dim $N$
.




1.5. $G$ , $M,$ $N$ $p||G|$ mOd $P$
. $G$ $M,$ $N$ . , $G$ $f$ : $Marrow N$
dim $M\leq\dim N$ .
. $C_{p}\leq G$ $C_{p}$ mod $p$ BOrSuk-Ulam
.
1.6. $M,$ $N$ . $S^{1}$ $M,$ $N$
$(M^{S^{1}}=N^{S^{1}}=\emptyset)$ . ,. $S^{1}$ $f$ : $Marrow N$
dimM $\leq\dim N$ .
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. $M,$ $N$ , $C_{p}\leq S^{1}$
, $M,$ $N$ mOd $P$ $M^{C_{p}}=N^{C_{p}}=\emptyset$ .
. $C_{p}$ $mod pBorsuk$-Ulam
.
[1], [7], [8], [9], [10], [11], [12], [14] .
[13] Burnside Borsuk-Ulam . ,
[22], [23] . Borsuk-Ulam
[15] .
2 BORSUK-ULAM
$G$ $f$ : $Xarrow Y$ $G$ $(isovar\dot{\tau}ant)$ , $f$ $G$
, : $G_{f(x)}=G_{x}(\forall x\in X)$ .
, $X$ .
$G$ $G$ , (cf. [24], [3], [5]).
, Borsuk-Ulam , . Borsuk-Ulam
A. G. Wassermt . mod $P$ Borsuk-
Ulam .
2.1 ( Borsuk-Ulam ). $G$ .
$V,$ $W$ $G$ $f$ : $Varrow W$





2.2. $V,$ $W$ . (1)$-(4)$ , (1) $\Rightarrow(2)\Leftrightarrow(3)\Leftrightarrow(4)$
. , Iso $SV\subset IsoSW$ , (1) $\Leftrightarrow(2)$ .
(1) $f:SVarrow SW$ .
(2) $f$ : $Varrow W$ .
(3) $f$ : $(V^{G})^{\perp}arrow-(W^{G})^{\perp}$ .
(4) $f$ : $S(V^{G})^{\perp}arrow S(W^{G})^{\perp}$ .
, $(V^{G})^{\perp}$ $V^{G}$ .
. [19] (1)$-(4)$ , I8O $SV\subset$
Iso $SW$ . $W^{G}=0$ , $V=W\oplus \mathbb{R}$ ,
$id\oplus O:Varrow W$ , $f$ : $SVarrow SW$ .
, $SV$ $G$ $SW$ .
. , [19]
.
, Wasserman [25] Borsuk-Ulam
, . ,
.





$A_{11}$ . , $A_{n}(n\geq 12)$ .
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. $A_{n}(n\geq 12)$ , Borsuk-Ulam ?




. $SO(3),$ $SU(2)$ , Borsuk-Ulam ?
Wa-ssemum Boruk-Ulam $Borsuk-Ulam$ (BUG)
. BUG , .
2.3. $G$ , .
(1) $G$ BUG $H$ $G/H$ BUG .
(2) $G/H,$ $H$ BUG $G$ BUG .
, .
. $G$ BUG $H$ BUG ?
, $SO(3),$ $SU(2)$ BUG .
Wasserman [17] Borsuk-Ulam .
2.4 ([17]). $G$ ,
$\varphi_{G}$ : $Narrow N$ , :
. $f$ : $Varrow W$ ,
$\varphi$ ($\dim V$ -dim $V^{G}$ ) $\leq\dim W$ -dim $W^{G}$
.
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, $G$ . $G$ $X$ $x>1$
$X^{>1}= \bigcup_{1\neq H\leq G}X^{H}$
.
mod $P$ Boruk-Ulam .
3.1 ([20]). $W$ $G$ . $M$ $G$ $mod |G|$
. $f$ : $Marrow SW$ Borsuk-Ulam
dim $M+1\leq\dim SW$ –dim $SW>1$
. , $SW>1=\emptyset$ dim $SW>1=-1$ .
.
3.2 ([20]). Borsuk-Ulam
dim $M+1\leq\dim SW-\dim SW>1$




,$d=\dim SW$ -dim $SW>1$
.
$\bullet$ $f$ : $Marrow SW$ $f$ : $Marrow SW_{\hslash\infty}$
.






, . [X, Y] $f$ : $Xarrow Y$
( ) .





$\bullet$ $M$ $G$ , .
$\bullet$ $Y=SW$ . , $W$ $G$ .
$\bullet$ Borsuk-Ulam
dim $M+1\leq\dim SW$ -dim $SW>1$
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., $M$ mod $|G|$
Boruk-Ulam , $M$ . , $M$ 2
$T^{2}=S^{1}\cross S^{1}$ , $SW=S^{1}$ . $S^{1}$
, $p_{1}$ : $T^{2}arrow S^{1}$ . Borsuk-Ulam
.
4.1. Case 1: dim $M+1<d$ $:=\dim SW-\dim SW>1$ .
.
4.1. $[M, SW]_{G}^{i\epsilon ov}=\{*\}$ ( ). .
.
. 2 $G$ $f,$ $g$ :M\rightarrow SW $G$
.
dim $M+1\leq d-1$ and SW $(d-2)$ , $G$ $F0$ $:=f \prod g$ :
$Mx\{0,1\}$ \rightarrow SW $F$ :M $\cross$ I\rightarrow SW .
4.2. Case 2: dim $M+1=d$ . [$M$, SW] , 1
.
$\mathcal{A}=$ {$H\in IsoW|$ dim $SW^{H}=\dim SW>1$}
. Iso $W$ $W$ .








. $NH$ $H$ $G$ .
$\mathbb{Z}[G/NH]^{G}=\mathbb{Z}\cdot N_{H},$ $N_{H} \sum_{a\in G/NH}a$ ,





4.3. $i:[M, SW]_{G}^{isov}arrow[M, SWffae]_{G}$ .
, [$M$, SW] $[M, SW_{b\infty}]_{G}$ .
, $f$ : $Marrow SW$ , $f$ $G$
$f_{*}:$ $H_{d-1}(M$ ;Z$)$ \rightarrow Hd-l(SW ml $\mathbb{Z}$ )
. $M$ $G$ , $H_{d-1}(M;\mathbb{Z})$
. $f_{*}([M])\in H_{d-1}(SW_{bae};\mathbb{Z})^{G}$ . $[M]$ $M$
.







4.5 ( Hopf ).
(1) mDeg : $[M, SW]_{G}^{igov}arrow\oplus_{(H)\in A/G}\mathbb{Z}$ ,




(3) : $Marrow SW$ . $a\in\oplus_{(H)\in A/G}|NH|\mathbb{Z}$
, $f$ : $Marrow SW$ ,
mDeg $f$ -mDeg $f_{0}=a$
.
$d_{H}(f)\in \mathbb{Z}$ mDeg $f$ $(H)$ .
$mD_{f_{0}}(f)=((d_{H}(f)-d_{H}(f_{0}))/|NH|)_{(H)\in A/G}\in\bigoplus_{(H)\in A/G}\mathbb{Z}$
. , Hopf .





5.1. . tom Dieck [4]
(Bredon ) . $X$
G-CW , $A$ $G$ . $G$ $X\backslash A$
. , $X_{n}$ (X, $A$ ) $n$ , $C_{n}(X, A)$ $:=H_{n}(X_{n},X_{n-1};\mathbb{Z})$ ,
$\partial:C_{n}(X, A)arrow C_{n-1}$ ($X$, A): .




$C_{G}^{*}(X, A;\pi)$ $:=Hom_{\mathbb{Z}G}(C_{*}(X, A);\pi),$ $\delta:=Hom_{ZG}(\partial)$
.
.
$\mathfrak{H}_{G}^{*}(X, A;\pi)$ $:=H^{*}(C_{G}^{*}(X, A;\pi),$ $\delta$)
. $\mathfrak{H}_{G}^{l}(X, A;\pi)\cong H^{*}(X/G,X/A;\{\pi\})$ (with local coefficients).
.
5.1.
$\epsilon:fl_{G}^{d-1}(M;\pi_{d-1}(SW_{\ \infty}))arrow H^{d-1}(M;\pi_{d-1}(SW_{\ \infty}))$








(1) $\pi_{d-1}(SWff\infty)\cong 0\oplus_{(H)\in A/G}\mathbb{Z}[G/NH]$ .
(2) $H^{d-1}(M;\pi_{d-1}(SWffae))\cong G\oplus_{(H)\in A/G}\mathbb{Z}[G/NH]$ .
(3) $\hslash_{G}^{d-1}(M;\pi_{d-1}(SW_{k\infty}))\cong\oplus_{(H)\in A/G}\mathbb{Z}[G/NH]^{G}\cong\oplus_{(H)\in A/G}\mathbb{Z}$.
(4) ${\rm Im}\epsilon={\rm Im}\epsilon\circ\tau\cong\oplus_{(H)\in A/G}|NH|\mathbb{Z}$.
5.3. $f,$ $g:Marrow SW$ $G$ . $f,$ $g$ ( )
$\gamma_{G}(f,g)$ ( ) $\gamma(f,g)$ .
, .
$[M, SW]_{G}^{i\epsilon ov}arrow^{\gamma_{G}\simeq}\mathfrak{H}_{G}^{d-1}(M;\pi_{d-1}(SW_{\ \infty}))$
$i\downarrow$ $\downarrow\epsilon$
[$M$, Sw ] $\div H^{d-1}(M;\pi_{d-1}(SWff\infty))$ .
$[f]\mapsto\gamma_{G}(f, f_{0})$ $[f]\mapsto\gamma(f, f_{0})$ .
.
5.4. ,
mDeg $f$ -mDeg $g=\Phi(h(\langle\gamma(f,g), [M]\rangle))$
. Hurewicz .
Hopf (1) .
mDeg $f=mDegg$ 5.4 $\gamma(f,g)=0$ . $\epsilon(\gamma_{G}(f,g))=\gamma(f,g)$
$\epsilon$ , $\gamma c(f,g)=0$ ,
$f$ $g$ . mDeg .
85
52(2), 53 54 .
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